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Nuclear masses ranging from O to Ti isotopes are systematically investigated with relativistic continuum Hartree-Bogoliubov
(RCHB) theory, which can provide a proper treatment of pairing correlations in the presence of the continuum. From O to Ti
isotopes, there are 402 nuclei predicted to be bound by the density functional PC-PK1. For the 234 nuclei with mass measured,
the root mean square (rms) deviation is 2.23 MeV. It is found that the proton drip-lines predicted with various mass models are
roughly the same and basically agree with the observation. The neutron drip-lines predicted, however, are quite different. Due
to the continuum couplings, the neutron drip-line nuclei predicted are extended further neutron-rich than other mass models. By
comparison with finite-range droplet model (FRDM), the neutron drip-line nucleus predicted by RCHB theory has respectively
2(O), 10(Ne), 10(Na), 6(Mg), 8(Al), 6(Si), 8(P), 6(S), 14(K), 10(Ca), 10(Sc), and 12(Ti) more neutrons.
Relativistic continuum Hartree-Bogouliubov theory; Nuclear mass table; O to Ti isotopes .
PACS: 21.60.Jz, 21.10.Dr, 27.30.+t, 27.40.+z, 27.50.+e
In recent decades, unstable nuclear beams have extended
our knowledge of nuclear physics from the stable nuclei to
the exotic nuclei far away from the stability. The proper-
ties of these exotic nuclei, for instance, masses and decay-
lives, are essential in understanding the nucleosynthesis via
rapid neutron capture (r-process) [1-6]. Although consid-
erable achievements in mass measurements have been made
due to the development of new experimental techniques and
facilities, most of the neutron-rich nuclei of relevance to the
r-process are still beyond the experimental capability in the
foreseeable future and therefore, we need to rely on robust
theoretical nuclear models.
The widely-used global nuclear mass models can be clas-
sified into the following two categories. The first consists
of macroscopic-microscopic models, such as finite-range
droplet model (FRDM) [7] and Weizsa¨cker-Skyrme (WS)
model [8], which are proved to work pretty well in the de-
scription of known nuclides, but its extrapolation to very
neutron-rich nuclides is generally questionable. The sec-
ond consists of microscopic mass models, for example, the
Hartree-Fock-Bogoliubov (HFB) method based on nonrela-
tivistic density functional theory (DFT) [9-11], which treats
the macroscopic part and the microscopic corrections in a
unified framework, and is believed to have a more reliable
extrapolation to the unknown regions.
Apart from the nonrelativistic DFT, the covariant density
functional theory (CDFT) has attracted research focus be-
cause of the successful description of many nuclear phenom-
ena [12-16]. It can also include the nucleon spin degree of
freedom naturally and result in the nuclear spin-orbit poten-
tial automatically with the empirical strength in a covariant
way. It can reproduce well the isotopic shifts in the Pb re-
gion [17], and give naturally the origin of the pseudospin
symmetry [18,19] as a relativistic symmetry [20-25] and the
spin symmetry in the anti-nucleon spectrum [26,27]. It can
include the nuclear magnetism [28], that is, a consistent de-
scription of currents and time-odd fields, which has an im-
portant role in the nuclear magnetic moments [29-33] and
nuclear rotations [34-37]. Therefore, it is natural to inves-
tigate the nuclear masses based on CDFT.
The first CDFT mass table was reported for 2000 even-
even nuclei with 8 6 Z 6 120 [38], but without including
pairing correlations. Later, by including the pairing corre-
lations with Bardeen-Cooper-Schrieffer (BCS) method, the
ground-state properties of 1315 even-even nuclei with 10 6
Z 6 98 were calculated [39]. In 2005, by employing the
state-dependent BCS method with a delta pairing force, the
first systematic study of the ground-state properties for over
7000 nuclei was performed [40].
It is well known that, the pairing correlation has a criti-
cal role in open shell nuclei. In particular, for the exotic nu-
clei close to the nucleon drip-lines, where the Fermi levels
are very close to the continuum threshold, pairing correlation
can scatter the valence nucleons between the bound states
and continuum, and therefore provide a significant coupling
between them. As a result, some unbound nuclei predicted
without pairing correlation can become bound. For example,
Meng et al. [41] found that after taking into account the pair-
ing correlation and the contribution from the continuum, the
neutron-rich nuclei 60−72Ca predicted unbound without pair-
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ing correlation are found to be bound. Therefore, the cou-
plings between the bound states and the continuum due to the
pairing correlation can strongly affect the drip-line position.
The BCS method is a popular method in dealing with pair-
ing correlations, but not justified for exotic nuclei as it can not
include the contribution of continuum states properly. Con-
versely, Bogoliubov quasiparticle transformation can provide
a unified description of the mean field and pairing correla-
tion, and include the continuum appropriately when treated
in coordinate representation.
In Refs.[15,42-45], the relativistic Hartree-Bogoliubov
(RHB) theories in coordinate space have been developed for
spherical nuclei. With the relativistic continuum Hartree-
Bogoliubov (RCHB) theory [15,44], the first microscopic
self-consistent description of halo in 11Li has been provided
[42] and the giant halos in light and medium-heavy nuclei
have been predicted [41,46,47]. The RCHB theory has been
generalized to treat the odd particle system [48] and com-
bined with the Glauder model, the charge-changing cross sec-
tions for C to F isotopes on a carbon target have been repro-
duced well [49]. For deformed nuclei, much effort has been
made to develop a deformed RHB theory in continuum [50-
54] and an interesting shape decoupling between the core and
the halo was predicted [52,54]. Later, the deformed RHB the-
ory in continuum has been extended to incorporate the block-
ing effect to treat odd nucleon system [55] and the density-
dependent meson-nucleon couplings [56].
As the first step to investigate the impact of the contin-
uum for the nuclear chart, the relativistic continuum Hartree-
Bogoliubov (RCHB) theory will be used in this paper to ex-
plore the nucleon drip-lines by assuming spherical symme-
try. Because of the huge numerical computational efforts in-
volved, we focus on the nuclear chart ranging from O to Ti as
examples.
The starting point of the CDFT is a general effective zero-
range point-coupling Lagrangian density [57],
L = ¯ψ(iγµ∂µ − M)ψ − 14 F
µνFµν − e
1 − τ3
2
¯ψγµψAµ
−
1
2
αS ( ¯ψψ)( ¯ψψ) − 12αV (
¯ψγµψ)( ¯ψγµψ)
−
1
2αTV (
¯ψ~τγµψ)( ¯ψ~τγµψ) − 12αTS (
¯ψ~τψ)( ¯ψ~τψ)
−
1
3βS (
¯ψψ)3 − 1
4
γS ( ¯ψψ)4 − 14γV [(
¯ψγµψ)( ¯ψγµψ)]2
−
1
2
δS ∂ν( ¯ψψ)∂ν( ¯ψψ) − 12δV∂ν(
¯ψγµψ)∂ν( ¯ψγµψ)
−
1
2
δTV∂ν( ¯ψ~τγµψ)∂ν( ¯ψ~τγµψ)
−
1
2
δTS ∂ν( ¯ψ~τψ)∂ν( ¯ψ~τψ), (1)
where M is the nucleon mass, and αS , αV , αTV , αTS , βS , γS ,
γV , δS , δV , δTV , δTS are the coupling constants. Aµ and Fµν
are respectively the four-vector potential and field strength
tensor of the electromagnetic field.
Starting from the Lagrangian density in Eq.(1), one can
derive the RHB equation for the nucleons [58],( hD − λ ∆
−∆∗ −h∗D + λ
) ( Uk
Vk
)
= Ek
( Uk
Vk
)
, (2)
where Ek is the quasiparticle energy, λ is the Fermi level. The
Dirac hamiltonian hD is
hD = α · p+ β(M + S (r)) + V(r), (3)
where the scalar and vector potentials are, respectively,
S (r) = αS ρS + βS ρ2S + γS ρ3S + δS△ρS , (4a)
V(r) = αVρV + γVρ3V + δV△ρV + eA0
+αTVτ3ρTV + δTVτ3△ρTV (4b)
with the local densities
ρS (r) =
∑
k>0
¯Vk(r)Vk(r), (5a)
ρV (r) =
∑
k>0
V†k (r)Vk(r), (5b)
ρTV (r) =
∑
k>0
V†k (r)τ3Vk(r). (5c)
The pairing potential reads,
∆kk′ (r, r′) = −
∑
˜k ˜k′
Vkk′,˜k ˜k′ (r, r′)κ˜k ˜k′ (r, r′) (6)
with the pairing tensor κ = U∗VT and a density-dependent
delta pairing force
V pp(r1, r2) = V0δ(r1 − r2)14(1 − P
σ)(1 − ρ(r1)
ρ0
). (7)
The RCHB theory [42,44] solves the RHB equations in coor-
dinate representation, thus it provides a fully self-consistent
description of both the continuum and the bound states as
well as the coupling between them.
Following the procedures as described in Ref. [44], the
RCHB equations are solved in a box with a size of R = 20
fm and a step size of 0.1 fm. In the present work, we use
the density functional PC-PK1 [57] for particle-hole chan-
nel, which particularly improves the description for isospin
dependence of the nuclear masses [59] and has been suc-
cessfully used in describing the Coulomb displacement en-
ergies between mirror nuclei [60], fission barriers [61] as
well as nuclear rotations [35-37]. For particle-particle chan-
nel, the density-dependent delta pairing force with the sat-
uration density ρ0 = 0.152 fm−3 is used and the strength
V0 = 685.0 MeV fm3 is fixed by reproducing experimen-
tal odd-even mass differences of Ca isotopes obtained with a
three-point formula. The contribution from the continuum is
restricted within a cutoff energy Ecut ∼ 100 MeV.
The particular purpose of the present work is to investi-
gate the extension of the nuclear chart by the continuum cou-
plings. Therefore, we focus on the location of the nucleon
drip-lines. On one hand, both the one-nucleon separation en-
ergy
S n(Z, N) = B(Z, N) − B(Z, N − 1), (8a)
2 Qu Xiaoying, et al. Sci China Phys Mech Astron () Vol. No.
-4.5
-3.5
-2.5
-1.5
-0.5
0.5
1.5
2.5
3.5
4.5
5.5
MeV
TMA
HFB-21
FRDM
WS3
8
20
8 20
28
50
N
Z
Figure 1: 402 nuclei from O to Ti predicted to be bound by the RCHB theory with the covariant density functional PC-PK1.
For 234 nuclei with the available data, the binding energy differences EExp.b −E
Cal.
b between the data [62] and present calculation
are shown as different color. Furthermore, the nucleon drip-lines predicted by the mass tables TMA, HFB-21, FRDM and WS3
are plotted for comparison.
S p(Z, N) = B(Z, N) − B(Z − 1, N), (8b)
and two-nucleon separation energy
S 2n(Z, N) = B(Z, N) − B(Z, N − 2), (9a)
S 2p(Z, N) = B(Z, N) − B(Z − 2, N), (9b)
can provide the information on nucleon drip-lines. On the
other hand, the Fermi level, λn and λp, can provide the bound
information of the nucleus. In the present work, only if the
nucleon separation energy is positive and the Fermi level is
negative, the nucleus is considered to be bound.
In Fig. 1, the bound nuclei region from O to Ti isotopes
predicted by RCHB theory with the density functional PC-
PK1 are shown as squares. It is found that 402 bound nu-
clei are predicted. The squares with cross represent the
40 stable nuclei existing in nature. If we regard the most
stable nucleus in each isotope chain, that is, the nucleus
with the maximum binding energy per nucleon, as a bench-
mark, there are 100 nuclei in the neutron-deficient side and
287 nuclei in the neutron-rich side. Among these nuclei,
the masses of 234 nuclei are already known experimentally
[62], while those of 7 neutron-deficient and 161 neutron-
rich nuclei are not measured yet. It should be mentioned
that many nuclei observed experimentally are reported [63],
including 5 neutron-deficient nuclei, that is, 23Si, 26P, 27S,
31Ar, 35Ca, and 53 neutron-rich nuclei, that is, 29,31F, 32,34Ne,
33,35,37Na, 38,40Mg, 39,40Al, 42,43Si, 44−46P, 46−48S, 47−51Cl,
48−53Ar, 52−56K, 53−58Ca, 56−61Sc, 58−63Ti. Their mass mea-
surements are expected to be achieved in the near future.
Furthermore, it can be noted that 13 exotic nuclei proved
to be bound in experiments, that is, 12,13O, 14−16F, 16,31Ne,
18,19,32Na, 19,35Mg, 39Sc, are absent in the present prediction,
which needs to be further examined in the future, for instance,
by taking into account the deformation effect.
In order to evaluate the agreement of the present calculated
masses with the available data, we show the binding energy
differences EExp.b − E
Cal.
b with different colors in Fig. 1. One
can find that most deviations are in the range of −2.5 ∼ 2.5
MeV, resulting in the rms deviation σ in this nuclear region is
2.23 MeV. There are two nuclear regions with the deviation
|EExp.b − E
Cal.
b | > 3.5 MeV. One is around the N = Z = 12
region, and the other is near N = 20 and Z = 10 region. The
reasons for such large deviation areas may result from the
following reasons: firstly, the proton-neutron pairing correla-
tion, which can provide additional binding in N ≃ Z nuclei
[64], is not taken into account; secondly, the deformation ef-
fect is not included. Indeed, when we restrict ourselves to the
spherical nuclei, for instance, O and Ca isotopes, the results
achieve good agreement with the data and the corresponding
rms deviation σ reduces to 1.67 and 1.09 MeV, respectively.
Following the definition of the nucleon drip-line, in Fig. 1,
one can easily recognize the proton and neutron drip-lines for
O to Ti isotope chains predicted with the RCHB theory. For
comparison, we also show the predictions from the mass ta-
bles FRDM [7], WS3 [65], HFB-21 [11] and TMA [40] in
Fig. 1. On the neutron-deficient side, owing to the repulsive
electrostatic interaction between the protons, the proton drip-
line lies relatively close to the valley of stability. The predic-
tions from different theoretical models are roughly the same
as the experimental observations.
On the neutron-rich side, as neutrons do not carry the elec-
tric charge, the neutron drip-line is located far from the val-
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ley of stability. Since pairing correlation tends to make the
even-N isotopes more bound than their neighbouring odd-N
isotopes, several odd-N isotopes are found to be absent be-
fore reaching the neutron drip-line. Furthermore, it is found
that the bound nuclei predicted theoretically are much more
than the present experimental observation. The neutron drip-
lines predicted by RCHB theory are roughly the same as
other mass models for O and F but are more neutron-rich for
the other nuclei. By comparison with FRDM, the neutron
drip-line nucleus predicted by RCHB theory has respectively
2(O), 10(Ne), 10(Na), 6(Mg), 8(Al), 6(Si), 8(P), 6(S), 14(K),
10(Ca), 10(Sc), and 12(Ti) neutrons more. This extension of
the nuclear chart predicted by the RCHB theory is because of
the proper treatment of the continuum couplings and exhibits
the hint of the appearance of giant halos in light neutron-rich
nuclei [41,47].
In conclusion, the nuclear masses are systematically inves-
tigated in nuclear region from O to Ti isotopes with relativis-
tic continuum Hartree-Bogoliubov (RCHB) theory, which
can provide an appropriate treatment of pairing correlations
in the presence of the continuum. By applying the density
functional PC-PK1, 402 bound nuclei are predicted in this nu-
clear area, including 100 neutron-deficient and 287 neutron-
rich bound nuclei. For the 234 nuclei with mass measured,
the RCHB results can reproduce the data with the rms de-
viation 2.23 MeV. For the spherical O and Ca isotopes, the
results can achieve good agreement with the data and the cor-
responding rms deviation is reduced to 1.67 and 1.09 MeV,
respectively. It is found that the drip-lines predicted by var-
ious mass models are roughly the same as the experimental
observation on neutron-deficient side. For the neutron-rich
side, because of the continuum couplings, the neutron drip-
line predicted by RCHB theory is extended further neutron-
rich than other mass models. By comparison with FRDM,
the neutron drip-line nucleus predicted by RCHB theory has
respectively 2(O), 10(Ne), 10(Na), 6(Mg), 8(Al), 6(Si), 8(P),
6(S), 14(K), 10(Ca), 10(Sc), and 12(Ti) neutrons more.
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